Irreducible skew-Berger algebras g ⊂ gl(n, C), i.e. algebras spanned by the images of the linear maps R : ⊙ 2 C n → g satisfying the Bianchi identity, are classified. These Lie algebras can be interpreted as irreducible complex Berger superalgebras contained in gl(0|n, C).
Introduction
The classification of irreducible holonomy algebras of linear torsion-free connections is well known [5, 6, 13, 19] . The first step to this classification was to find candidates to these algebras, these candidates are called Berger algebras. These algebras g ⊂ gl(n, R) are spanned by the images of the linear maps R : Λ 2 R n → g satisfying the Bianchi identity.
Recently in [8] holonomy algebras of connections on supermanifolds were introduced. The natural problem is to classify irreducible holonomy algebras of linear torsion-free connections on supermanifolds. In [8] were defined Berger superalgebras g ⊂ gl(m|n, R), which are the generalization of the usual Berger algebras, since gl(m|0, R) = gl(m, R) and Berger superalgebras are the same as Berger algebras in this case. In the present paper we study the mirror case to the classical one: we classify irreducible complex Berger superalgebras contained in gl(0|n, C).
These Lie superalgebras are the same as irreducible skew-Berger algebras g ⊂ gl(n, C), i.e.
algebras spanned by the images of the linear maps R : ⊙ 2 C n → g (the skew-curvature tensors)
satisfying the Bianchi identity. The reduction to the real skew-Berger algebras is a standard procedure, see Proposition 2.4 below.
The paper has the following structure. In Section 2 we give the necessary preliminaries. In Section 3 we formulate the Main Theorem, where we classify irreducible skew-Berger algebras g ⊂ gl(n, C). In Section 4 we classify irreducible subalgebras g ⊂ gl(n, C) admitting skewcurvature tensors R such that R(C n , C n ) = g and g annihilats R. This classification immediately follows from the classification of simple complex Lie superalgebras. Using this list, we obtain examples of skew-Berger algebras. In Section 5 we classify irreducible subalgebras g ⊂ gl(n, C) with non-trivial first skew-prolongations g [1] = {ϕ ∈ Hom(C n , g)|ϕ(x)y = −ϕ(y)x for all x, y ∈ C n } and get examples of skew-Berger algebras. In Section 6 we finish the proof of the Main
Theorem. In Section 7 we explain how this classification can be used to study some classes of Berger superalgebras g ⊂ osp(n|2m, C).
The methods of the paper are mostly taken from [19] . In fact, a big number of results of [19] can be applied to our case without change. In the same time some particular cases required new ideas.
If M is a supermanifold and ∇ is a linear torsion-free connection on T M , then (∇ A Berger superalgebra g is called symmetric if R ∇ (g) = 0. This is a generalization of the usual symmetric Berger algebras, see e.g. [19] , and the following is a generalization of the well-known fact about smooth manifolds.
Proposition 2.2 [8] Let M be a supermanifold with a torsian free connection ∇. If hol(∇) is a symmetric Berger superalgebra, then (M, ∇) is locally symmetric (i.e. ∇R = 0). If (M, ∇)
is a locally symmetric superspace, then its curvature tensor at any point is annihilated by the holonomy algebra at this point and its image coincides with the holonomy algebra.
The proof of the following proposition is as in [19] .
Proposition 2.3 Let g ⊂ gl(V ) be an irreducible Berger superalgebra. If g annihilates the module R(g), then g is a symmetric Berger superalgebra.
In this paper we consider the case when the vector space V is complex and purely odd, i.e. its even part is trivial. In this case a supersubalgebra g ⊂ gl(V ) is just usual Lie algebra. We may consider the representation g ⊂ gl(Π(V )), where Π it the parity changing functor and Π(V ) becomes a usual vector space.
For a vector space V and a subalgebra g ⊂ gl(V ) define the space of skew-curvature tensors (or just tensors for short) of type g:
for all X, Y, Z ∈ V .
Obviously,R(g) = R(g acting on Π(V )). A subalgebra g ⊂ gl(V ) is called skew-Berger if
where
We see that g ⊂ gl(V ) is a skew-Berger algebra if and only if g ⊂ gl(Π(V )) is a Berger superalgebra. LetR
We will use the following fact
where ∂ is the symmetrisation map. Note that the map ∂ is g-equivariant.
Let us explain now how to obtain a classification of irreducible real skew-Berger algebras using the results of this paper. Let V be a real vector space and g ⊂ gl(V ) an irreducible subalgebra.
Consider the complexifications
It is easy to see that
Recall that the subalgebra g ⊂ gl(V ) is called absolutely irreducible if g C ⊂ gl(V C ) is irreducible and it is called not absolutely irreducible otherwise. The last situation appears if and only if there exists a complex structure J on V commuting with the elements of g. Then V can be considered as a complex vector space and g ⊂ gl(V ) can be considered as a complex irreducible subalgebra. Consider also the natural representation i : g C → gl(V ) in the complex vector space V . The following proposition is the analog of Proposition 3.1 from [19] .
Proposition 2.4 Let V be a real vector space and g ⊂ gl(V ) an irreducible subalgebra.
If the subalgebra g ⊂ gl(V ) is not absolutely irreducible and if
is a skew-Berger algebra if and only if Jg = g and g ⊂ gl(V ) is a complex irreducible skew-Berger algebra.
From this and Proposition 3.1 from [19] it follows that if the subalgebra g ⊂ gl(V ) is absolutely irreducible and g C ⊂ gl(V C ) is both a skew-Berger and Berger algebra, then the subalgebra g ⊂ gl(V ) is a skew-Berger algebra if and only if it is a Berger algebra. Similarly, if the
(1) denotes the first prolongation), and g ⊂ gl(V ) is both a complex irreducible skew-Berger and Berger algebra, then g ⊂ gl(V ) is a real skew-Berger algebra if and only if it is a real Berger algebra.
Thus it is left to consider not absolutely irreducible real subalgebras g ⊂ gl(V ) such that the corresponding representation i : g C → gl(V ) in the complex vector space V is one of the entries 1-10 of Table 1 below. This will be done in another paper.
3 The Main Theorem 
Remark 3.1 From the proof of the theorem it follows that if
In fact, nearly the same holds for Berger algebras: 4 Complex odd symmetric superspaces and the associated skew-Berger algebras
In this section we classify irreducible subalgebras g ⊂ gl(n, C) admitting elements R ∈R(g) such that R(C n , C n ) = g and g annihilats R. This classification immediately follows from the classification of simple complex Lie superalgebras. Then we obtain examples of skew-Berger algebras.
Having such g ⊂ gl(n, C) and R ∈R(g). Define the Lie superalgebra f = g ⊕ Π(C n ) with the
, where ξ, η ∈ g and x, y ∈ C n . We get an irreducible infinitesimal symmetric superspace (f, g, Π(C n )) [7, 20] . The Proposition 1.2.7 from [10] implies that f is a simple Lie superalgebra. In Table 2 tabsym we list simple Lie superalgebras f with f0 acting irreducibly on f1. 
The proof of the following Theorem is similar to the proof of Theorem 3.6 from [19] . 
Then g ⊂ so(n, C) with respect to some scalar product g on C n , there exists a g-equivariant 
Proof. We get the first algebra using osp(n|2, C) and the fact that sp(2, C) ≃ sl(2, C). We get the second algebra using osp(4|2m, C) and the fact that so(4, C) ≃ sl(2, C) ⊕ sl(2, C).
Remark 4.1 Note that spin(7, C) and g 2 are very important Berger algebras, which turn out to be also skew-Berger algebras.
Representations with non-trivial first skew-prolongations
Let g ⊂ gl(n, C) be a subalgebra. Put
by the rule
Let g −1 denote a complex vector superspace and let g 0 ⊂ gl(g −1 ) be a supersubalgebra. The k-th
is defined as for the representations of the usual Lie algebras up
to additional signs:
Consider the Cartan prolong
Note that g * has a structure of Lie superalgebra. In [12, 16, 17] It is obvious that for a subalgebra g ⊂ gl(0|n, C) its prolongations coincide with the corresponding skew-prolongations of the subalgebra g ⊂ gl(n, C).
Let g ⊂ gl(n, C) be a subalgebra. By analogy with [19] we get the following exact sequence
g is the (2, 2)-th Spencer cohomology group for the representation g ⊂ gl(Π(C n )). The second map in the sequence is given by
Theorem 5.1 Let V be a complex vector space. All irreducible subalgebras g ⊂ gl(V ) with non-trivial first prolongations and g [1] , g [2] , H
2,2
g for these subalgebras are listed in Table 4 . sp(2n,C)⊕C are given in [17] . Table 4 Irreducible subalgebras g ⊂ gl(n, C) with g [1] = 0.
Proof of Theorem 5.1. Suppose that for an irreducible subalgebra g ⊂ gl(V ) we have g [1] = 0.
. We get that g 1 = 0. It is obvious that the Cartan prolong g * is an irreducible transitive Lie superalgebra with the consistent Z-grading and g 1 = 0. This means that g 0 acts irreducibly on g −1 , the equality [a,
. From [10, Th. 4] it follows that g * must coincide with one of the following Lie superalgebras:
with the canonical Z-gradings;
Lie algebra, g −1 = Π(g), and g 1 = C; the nonzero Lie superbrackets are the following:
where x, y ∈ g and ξ ∈ C; The standard Z-gradings of the Lie superalgebras of type I and II are described in [10] . The Lie superalgebras of type I give us the entries 3, 5, 7, 8, 12 we should consider entries 1 and 2 for n = 3; similarly, sl(4, C) ≃ so(6, C) and
By an analog reason we assume n ≥ 3 for the entries 8 and 9, and n ≥ 2 for the entry 12.
The Spencer cohomology groups H 2,2 for the entries 1, 2, 3, 5, 7, 8, 10, 12 are computed in [12, 16, 17] . The other cohomology groups (except for the entry 13) will be computed in the following proposition. 
Proof. 
are skew-Berger algebras is similar to the proof of Proposition 12.1 from [8] , it follows mostly from the exact sequence (3).
Lemma 5.1 Consider the representation of the Lie algebra
is not a skew-Berger algebra.
Proof. Let π 1 , ..., π n−1 ,π 1 , ...,π n−1 denote the fundamental weights of the Lie algebra sl(n, C) ⊕ sl(n, C). Recall that the spaceR(sl(n, C) ⊕sl(n, C) ⊕C) can be defined by (2) . It can be checked
can be decomposed as the direct sum V π n−2 +π n−2 ⊕ V 2π n−1 +2π n−1 and each of the decomposi-
and ⊙ 3 V * ⊗ V contain two copies of the modules V π n−2 +π n−2 and V 2π n−1 +2π n−1 . Suppose that
Using the exact sequence (3), we get
that 2V π n−2 +π n−2 ⊂R(sl(n, C)⊕sl(n, C)⊕C). Let g 1 and g 2 denote the first and the second summands in sl(n, C) ⊕ sl(n, C). From the symmetry it follows that each of the sl(n, C) ⊕ sl(n, C)- 
. This implies ∂(S ′ 1 + S) = 0, i.e. S ′ 1 + S is a non-zero curvature tensor of type sl(n, C) ⊕ sl(n, C) ⊕ C taking values in g 1 ⊕C, which is impossible and we get a contradiction. The module V 2π n−1 +2π n−1 can be considered in the same way.
Lemma 5.2 Consider the representation of the Lie algebra
thenR(gl(n, C)) =R(sl(n, C)) and gl(n, C) acting on Λ 2 C n is not a Berger algebra.
Proof. We have
Suppose that R ∈R(gl(n, C)) and R ∈R(sl(n, C)).
Suppose that R has weight π n−4 . Then R = S +φ, where S ∈ ⊙ 2 V * ⊗sl(n, C) and φ ∈ ⊙ 2 V * ⊗C
have weight π n−4 . Let e 1 , ..., e n be the standard basis of C n and e * 1 , ..., e * n its dual basis. Assume that φ = (e * n−3 ∧ e * n−2 ) ⊙ (e * n−1 ∧ e * n ). Consider the Bianchi identity R(e n−3 ∧e n−2 , e n−1 ∧e n )e i ∧e j +R(e n−1 ∧e n , e i ∧e j )e n−3 ∧e n−2 +R(e i ∧e j , e n−3 ∧e n−2 )e n−1 ∧e n = 0.
Note that A = S(e n−3 ∧e n−2 , e n−1 ∧e n ) has weight 0, i.e. it is an element of the Cartan subalgebra t ⊂ sl(n, C). If 1 ≤ i = j ≤ n − 4, then R(e n−1 ∧ e n , e i ∧ e j ) ∈ sl(n, C) must has weight −ǫ n−3 − ǫ n−2 + ǫ i + ǫ j but the Lie algebra sl(n, C) has no such root, i.e. R(e n−1 ∧ e n , e i ∧ e j ) = 0.
Similarly, R(e n−3 ∧ e n−2 , e i ∧ e j ) = 0. We get that (ǫ i + ǫ j )A = −1, i.e. A ii = − The case when R has weight 2π n−2 is similar (we take φ = (e * n−1 ∧ e * n ) ⊙ (e * n−1 ∧ e * n )). Consider the representation of the Lie algebra gl(5, C) on V = Λ 2 C 5 . Using the package Math-
where U is isomorphic to V π 1 = C 5 .
Lemma 5.3 Consider the representation of the Lie algebra
ThenR(gl(n, C)) =R(sl(n, C)) and gl(n, C) acting on Λ 2 C n is not a Berger algebra.
Proof. The proof of the statement of the lemma for n ≥ 6 is similar to the proof of the previous lemma (note that we have
To prove the statement for n = 3, 4 and 5
we use the package Mathematica.
The fact that the subalgebra so(n, Consider the representation of the Lie algebra sl(n, C)⊕sl(m, C)⊕C on the space
To describe this isomorphism we use the structure of the Lie superbrackets on sl(n|m, C). For τ ∈ V * ⊗ V * , the corresponding curvature tensor is defined by
for v 1 ∈ C n and v 2 ∈ C m we have
In particular, tr(
As we have seen, R(sl(n, C) ⊕ sl(n, C)) =R(sl(n, C) ⊕ sl(n, C) ⊕ C). We will use this later.
Remark 5.1 In [14] skew-prolongations of the subalgebras of so(n, R) were considered. In particular it is proved that the only proper irreducible subalgebras of so(n, R) with non-trivial skew-prolongations are exhausted by the adjoint representations of compact simple Lie algebras.

Proof of Theorem 3.1
The following two propositions are analogs of Propositions 3.2 and Lemma 3.5 from [19] , respectively.
Proposition 6.1 Let g ⊂ sp(2n, C) be a proper irreducible subalgebra. ThenR(g⊕C) =R(g).
In particular, g ⊕ C is not a skew-Berger algebra.
Proposition 6.2 Let g ⊂ so(n, C) be an irreducible subalgebra. ThenR(g ⊕ C) =R(g). In particular, g ⊕ C is not a skew-Berger algebra.
In the following we use the results from [19] . Let ∆ 0 = ∆ ∪ {0}. For each α ∈ ∆ fix a non-zero A α in the weight space g α , and let
A triple (λ 0 , λ 1 , α), where λ 0 , λ 1 ∈ Φ and α ∈ ∆, is called a spanning triple if
A spanning triple is called extremal if λ 0 and λ 1 are extremal weights.
Proposition 6.3 [19, Prop. 3.10] Let g ⊂ gl(V ) be an irreducible skew-Berger algebra. Then
for every root α ∈ ∆ there is a spanning triple (λ 0 , λ 1 , α), a weight element R ∈R(g) and
In fact, if R ∈R(g) is a weight element and if there are weight vectors
is a spanning triple.
Theorem 6.1 Let g ⊂ gl(V ) be an irreducible skew-Berger algebra. Then there is an extrimal
spanning triple (λ 0 , λ 1 , α).
Proof. The proof is the same as the proof of Theorem 3.12 from [19] . As the last step we need to show that so(n, C) acting on (⊙ 2 C n ) 0 = ⊙ 2 C n /Cg, where g is the scalar product on C n , is not a skew-Berger algebra. Consider the inclusion so(n, C) ⊂ sl(n, C) and the representation of the Lie algebra sl(n, C) on the vector space
To describe this isomorphism we use the structure of the Lie superbrackets of spe(n, C).
the corresponding curvature tensor is defined by
where x 1 , x 2 , y 1 , y 2 , z ∈ C n . It is not hard to verify that from the condition R τ (x 1 ⊙x 2 , y 1 ⊙y 2 ) ∈ so(n, C) for all x 1 , x 2 , y 1 , y 2 ∈ C n it follows that R τ = 0. Thus, R(so(n, C)) = 0. Now we will consider the case when g s is simple. 
is one of the following:
where Ω is the symplectic form on C 2n ;
(xx) g 2 ⊂ gl(7, C);
(xxi) the adjoint representation of a simple Lie algebra.
We have already discussed the representations (i) − (v), (xiv) for n = 3, (xx) and (xxi). The representations (vii), (ix), (x), (xii), (xiii), (xv), n = 8, can be dealt exactly in the same way as in [19] (for some of these representations it is proved dim R(g) ≤ 1; in the same way we get dimR(g) ≤ 1, but these representation does not appear in Table 4 , hence dimR(g) = 0).
Now we consider the remaining representations.
(vi) (gl(2, C) ⊂ gl(⊙ k C 2 ), k ≤ 3).
Recall that the spaceR(g) can be find from (2) and the map ∂ is g-equivariant.
Decompose
containes a g-submodule isomorphic to V Λ . In particular,R(g) = 0, and if g is simple, then it is a skew-Berger algebra. We apply this idea to the following 4 cases. we get that (−π 1 + π 6 )A = −1 and π 1 (A) = −1, which leads to a contradiction. The elements S + φ ∈R(e 6 ⊕ C) of weight 2π 6 can be considered in the same way. We choose φ = e * −π 6 ⊙ e * −π 6 and use the Bianchi identity for the vectors e −π 6 , e −π 6 , e −π 6 , for the vectors e −π 6 , e −π 6 , e −π 3 +π 4 , and for the vectors e −π 6 , e −π 6 , e π 3 −π 4 −π 6 .
is a skew-Berger algebra. Since this representation is symplectic, g ⊕ C is not a skew-Berger algebra.
(xv) for n = 7 (the spin representation of the Lie algebra g s = so(14, C) on V = ∆ + 14 ). The only spanning triples, up to the action of the Weyl group, are (π 7 , π 3 − π 7 , π 2 ) and (π 7 , π 1 − π 7 , π 2 ) [19] . Consequently, elements ofR(g) may have, up to the action of the Weyl group, weights π 2 − π 3 and π 2 − π 1 . Suppose that R ∈R(g) has weight π 2 − π 3 . Let x, y, z ∈ V be vectors of weights π 7 , π 3 − π 7 and −π 2 + π 3 − π 7 . Considering the Bianchi identity for these vectors and using the facts that π 3 and π 3 − 2π 7 are not roots, we get R(y, z) = R(x, z) = 0 and R(x, y)z = 0. If we suppose that R(x, y) = 0, then since R(x, y) is a root vector of weight π 2 , z has weight −π 2 + π 3 − π 7 , and π 3 − π 7 belongs to the weights of the representation, we get (xiv) (the spin representation of the Lie algebra g s = so(2n
We have spin(2n + 1, C) ⊂ spin(2n + 2, C). From the above we getR(spin(2n + 1, C)) = 0 for n = 6, 7. We use the package Mathematica to show thatR(spin(2n + 1, C)) = 0 for n = 4, 5.
The case n = 3 is already considered in Section 4; alternatively, using the package Mathematica we find that dimR(spin(7, C)) = 126. If n = 2, then we get the standard representation of sp(4, C); for n = 1, we get the standard representation of sl(2, C). [19] . We will denote a vector e i ∧ e j ∧ e k by e ijk . Suppose that R ∈R(g) is a weight vector and R(e 123 , e 456 ) ∈ g ǫ 1 −ǫ 7 , i.e. R has weight ǫ 1 . There is some a ∈ C such that R(e 123 , e 456 ) = aE 17 , where E 17 is the matrix with 1 on the position (1, 7) and 0 on the other positions. Let A = R(e 237 , e 456 ) ∈ g. Then A is an element of the Cartan subalgebra of g.
Applying the Bianchi identity to the vectors e 123 , e 456 and e 237 , and using that R(e 123 , e 237 ) = 0 (as this element has weight which is not a root of g), we get A 11 + A 22 + A 33 + a = 0. Applying the Bianchi identity to e 456 , e 237 and one of the vectors e 12i (4 ≤ i ≤ 6), e 237 , e 147 , we get and y are weight elements such that R(x, y) ∈ g ǫ 1 −ǫ 7 , then R(x, y) = 0, andR(g) = 0.
(xvii): e 7 ⊂ gl(56, C) is not a skew-Berger algebra. In [1] there is the following description of this representation. The Lie algebra e 7 admits the following structure of Z 2 -graded Lie algebra: 
Moreover, since R is symmetric, this element is zero if and only if R = 0. From the above
Analyzing the dimensions, we conclude thatR(e 7 ) = 0 (in other words, W \R(e 7 ) containes non-trivial elements from the submodules V Suppose now that the semisimple part g s is not simple, then it can be written as a direct sum
First suppose that n 1 , n 2 ≥ 3. By the same arguments as in [19] , each g i must be either
Then we get
Taking u 1 = z 1 , x 1 and v 1 mutually orthogonal, we get that τ (x 1 , x 2 , v 1 , u 2 ) = 0 whenever
does not depend on z 1 under the condition g(x 1 , z 1 ) = 0 and g(z 1 , z 1 ) = 1. Considering an orthonormal basis of C n 1 , we conclude that τ (x 1 , x 2 , u 1 , u 2 ) = g(x 1 , u 1 )w(x 2 , u 2 ) for some skew- 
Using this, it is easy to get thatR
We also get thatR(so(n, C) ⊕ sp(2m, C)) is one-dimensional and it is spanned by the curvature tensor R τ with τ = g ⊗ w.
By the same arguments as in [19] it can be proved that if n 1 = 2 and g is a non-symmetric
Berger algebra, then g 1 = sl(2, C) and g 2 is one of gl(n 2 , C), sl(n 2 , C), so(n 2 , C), or sp(n 2 , C).
The theorem is proved.
An outlook to the general case
Consider the identity representation of the orthosymplectic Lie superalgebra osp(n|2m, C) ⊂ gl(n|2m, C) on the vector superspace C n ⊕ Π(C 2m ). Recall that osp(n|2m, C) is the supersubalgebra of gl(n|2m, C) preserving the form g + Ω, where g is the standard non-degenerate symmetric bilinear form on C n and Ω is the standard non-degenerate skew-symmetric bilinear form on C 2m . For the even part of osp(n|2m, C) we have osp(n|2m, C)0 = so(n, C) ⊕ sp(2m, C). Note that so(n, C) annihilates Π(C 2m ) and acts on C n in the natural way. Similarly, sp(2m, C) annihilates C n and acts on Π(C 2m ) in the natural way. It is easy to describe the space R(osp(n|2m, C)) using the method of [9] . In particular, the following curvature tensors take values in osp(n|2m, C)0: R 0 | C n ∧C n , R 0 | Π(C 2m )∧Π(C 2m ) , and R 1 | C n ⊗Π(C 2m ) , where R 0 ∈ R(osp(n|2m, C))0 and R 1 ∈ R(osp(n|2m, C))1.
For a subalgebra h ⊂ so(n, C) define the space of weak curvature tensors of type h, P g (h) = {P ∈ (C n ) * ⊗ h| g(P (x)y, z) + g(P (y)z, x) + g(P (z)x, y) = 0 for all x, y, z ∈ C n }.
This space was introduced in [9, 11] and it appears if one considers the space of curvature tensors for the holonomy algebras of Lorentzian manifolds. Note that if R ∈ R(h), then for any fixed x ∈ C n it holds R(·, x) ∈ P g (h). A subalgebra h ⊂ so(n, C) is called a weak-Berger algebra if it is spanned by the images of the elements of P g (h).
The following important theorem is proved by T. Leistner in [11] .
Theorem 7.1 Let h ⊂ so(n, C) be an irreducible subalgebra. Then h is a weak-Berger algebra if and only if it is a Berger algebra.
Similarly, for a subalgebra h ⊂ sp(2m, C) define the space of weak skew-curvature tensors of type h,
P Ω (h) = {P ∈ (C n ) * ⊗ h| Ω(P (x)y, z) + Ω(P (y)z, x) + Ω(P (z)x, y) = 0 for all x, y, z ∈ C 2m }.
Note that if R ∈R(h), then for any fixed x ∈ C 2m it holds R(·, x) ∈ P Ω (h). We call a subalgebra h ⊂ sp(2m, C) a weak-skew-Berger algebra if it is spanned by the images of the elements of P Ω (h).
In view of Theorem 7.1, we get the following.
Hypothesis 7.1 Let h ⊂ sp(2m, C) be an irreducible subalgebra. Then h is a weak-skew-Berger algebra if and only if it is a skew-Berger algebra.
Let now R 0 and R 1 be as above, then pr so(n,C) •R 0 | C n ∧C n ∈ R(so(n, C)), pr sp(2m,C) •R 0 | Π(C 2m )∧Π(C 2n ) ∈ R(sp(2m, C) acting on Π(C 2m )), and for any fixed x 0 ∈ C n and x 1 ∈ Π(C 2m ) it holds pr so(n,C) •R 1 (·, x 1 )| C n ∈ P g (so(n, C)) and pr sp(2m,C) •R 1 (·, x 0 )| Π(C 2m ) ∈ P Ω (sp(2m, C)). On the other hand, there is no such obvious restrictions on pr sp(2m,C) •R 0 | C n ∧C n and pr so(n,C) •R 0 | Π(C 2m )∧Π(C 2n ) .
Suppose now that we have a simple supersubalgebra g ⊂ osp(n|2m, C) such that the representations of g0 in the both C n and Π(C 2m ) are faithful. This is not the case for the iden- is a skew-Berger algebra.
Similarly, for a simple Berger subalgebra g ⊂ gl(n|m, C) such that the representations of g0 in both C n and Π(C m ) are faithful, we expect that there are two ideals g 1 , g 2 ∈ g0 such that g 1 + g 2 = g0 and g 1 ⊂ gl(n, C) is a Berger algebra, and g 2 ⊂ gl(m, C) is a skew-Berger algebra.
In another paper we will discuss the ideas of this section in details.
